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Abstract. We consider a repeated auction where the buyer’s utility for an

item depends on the time that elapsed since his last purchase. We present
an algorithm to build the optimal bidding policy, and then, because optimal

might be impractical, we discuss the cost for the buyer of limiting himself to
shading policies.

1. Introduction

1.1. Repeated auctions with dynamic value: a planning problem. This
article analyses a repeated second price auctions where the buyer’s utility for the
item depends on the time elapsed since his last purchase of a similar item: an item
value depends on the age of the previous purchase. Throughout the paper, We use
ad auctions as a motivating application. The rise of online marketplaces and digital
advertising have fuelled the study of repeated auctions along several research axis, in
particular budget/ROI constraints, learning, and strategic interactions. However,
surprisingly, we enter into much less explored territory if the buyer’s utility for
an item depends on the previous auctions outcomes, which is notwithstanding a
reasonable belief for use cases such as digital marketing, where it can be beneficial
to space the marketing interactions over time because of the user’s display fatigue.
Yet, finding an optimal bidding policy in this widespread setting has not been done
yet, even when the auction is second price. This article aims to fill the gap. We
display in Fig. 1 an example of valuation dynamic: after an auction is won, the
value of the next auctions drops and then increases back to its initial value as time
goes by. At this point, it should be intuitive to the reader that bidding the value
(the greedy strategy) is suboptimal, even though the auction is second price. We
illustrate this by showing in Fig. 3 the payoff of several linear scaling strategies.
The greedy strategy corresponds to a scaling factor of 1 and is, in our context,
never optimal.

This is in sharp contrast with the widespread belief that good enough feature
engineering does the job. This intuition is flawed because it overlooks the underlying
planning problem. Indeed, in the minimal model we introduce, the bidder has access
to the exact immediate value of the item, but we still observe that bidding this value
is suboptimal, even in the second price setting. Last, we mention that in the edge
case where the buyer is interested in buying at most one item, we get a setting
close in spirit to [23], who introduce a procurement version of the prophet problem,
where the goal is to minimize the procurement cost.

1.2. Display advertising auctions. We proceed with some contextual elements
on our motivating use case, display advertising auctions. Digital advertising allows
the monetizing of publisher content programmatically. When a user reaches one of
the publisher’s pages, the right to show a display banner to the user is sold. The
mechanism that elicits the deal is often an auction that takes place in real time,
hence the name: Real-Time-Bidding (RTB). Real-Time-Bidding resents several
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Figure 1. Example of dynamical value. When the bidder wins an
auction, his value drops brutally, and then progressively goes back
to a maximum value. An optimal bidding strategy should account
for this phenomenon.

practical challenges that have motivated a growing body of scientific work at the
frontier of mathematics, economics, and computer sciences [11]. The buyer typically
derives a valuation formula for the display opportunity of the shape [8, 6, 11]
Value Per Event× Pr(E|X), where Pr(E|X) is the probability that an event will
take place in the future (such as click, sales. . . it depends) knowing what is available
in the user’s context (here denoted by X) and Value Per Event is a multiplier that
is independent of X. This multiplier often integrates business-related constraints
such as budget [6] or ROI or cost per action. Such a valuation then becomes the
input of a bidding module, tasked to find a bid that maximizes the immediate payoff
(i.e. expected value minus cost). For a second-price auction, this bidding module
simply returns the estimated value. For non-incentive compatible auctions such as
first-price auctions, methods to estimate the competition have been proposed [29].
User fatigue and frequency capping. One specificity of display advertising is that
bidders typically receive a sequence of auctions for opportunities to display an ad
to the same user. Those auctions arise as the user browses the web and opens new
pages. However, it is usually not seen as desirable to display too many similar ads
to the same user in a short period of time, and a very common practice consists in
defining a frequency capping [11], which is a maximum number of ads which can
be displayed to the same user for the same campaign on a predefined period of
time (such as “maximum 10 displays per day per user”). The bidder would thus
stop bidding on a user when the maximum number of ads is reached, until the next
period. The main rational for applying such frequency capping is essentially that
ads displayed to the same user usually have diminishing return. Those return could
even become negative, when too many similar ads in a short period of time could
result in a degraded user experience. Several studies also point to the usefulness of
spreading the ads in time [26, 9].
Fatigue as a feature of the predictors. To deal with this decreasing return of the
ads, another frequent method consists in directly modelling how the past displayed
ads affect the value of the current auctioned ad opportunity. This can be done, for
example by measuring the fatigue as the number of ads displayed to the user in a
past period of time, and using this fatigue feature as a predictor of the Pr(E|X)
model. Several works point to a similar idea, such as [2, 24, 4]. We would like to
note here that while these features improve the immediate value estimation, they
do not account for the impact of an ad on the future opportunities, that is, they
still miss the planning problem.
Impact of winning one auction on future opportunities. Indeed, one logical conse-
quence of the diminishing return of ads is that winning an auction now impacts the
value of the next opportunities for the same user. But while it is possible that the



REPEATED BIDDING WITH DYNAMIC VALUE 3

Pr(E|X) term of the valuation recognize the fatigue effect, there is a hole in the
literature on how the bidder component should address the problem. The problem
is recognized in [8] but no solution is proposed. In a related vein, [14] propose a
heuristic factor to decrease the bids after a click, but the method does not fully
address the problem. In this paper, we propose to study how the bidder should
optimally bid in a simplified model inspired by this setting. We note that the fre-
quency capping could be interpreted as setting the value of the items to 0 during
some time after the capping is reached. We simplify this by assuming that the value
of the auctioned item depends solely on the time elapsed since the last won auction.
We also note that today most RTB auctions are first-price. We decided to study
the case of second price auction instead; both for simplicity, and to emphasize that
even in this simpler second price setting the problem is non-trivial.

1.3. Repeated auctions. Several streams of literature related to repeated auc-
tions have flourished around the online marketing use case. Without aiming at
being complete, we mention some of them in this section and discuss how the rep-
etition of the auction structure the problems under scrutiny. First, the existence
of a budget or an ROI constraint over a sequence of auctions couples all the indi-
vidual bidding problems together. In the literature, such constraints are typically
analyzed either by using a constraint relaxation or by solving an associated knap-
sack problem. The typical solution is then a scaling of the value with a well-chosen
factor. See for instance [6, 19, 12, 17, 10]. In this stream of research, this is mostly
the coupling of the bidding problems that is under scrutiny. In this line of research,
repetition is mostly about coupled optimization problems. Second, the level of bid
can be seen as a decision that is repeated over time. The outcome (value and
payment) depends on this decision. This setting can be studied with the bandit
framework. See for instance [28, 1]. In this stream of research, this is mostly the
explore-exploit tradeoff of the learning bidder that is under scrutiny, and repetition
is mostly about learning. Third, there is a line of research that puts under scrutiny
the interactions between the seller and the multiple buyers. In this steam of work,
repetition is mostly about playing a repeated game [5, 16, 18, 3, 20, 25, 13].

1.4. Contribution. The applied work [8] recognizes the difficulty to handling the
coupling between present and future bidding decisions. We introduce a realistic
minimal model to study this coupling, and frame the design of a bidding policy as a
continuous time optimal control problem over an infinite horizon. We present struc-
turing properties of this control problem, such as the monotony of the bidding policy
and a useful identity for the expected payoff.

Figure 2. An
example of Algo-
rithm 1 run. In
red is the output
of the algorithm,
in blue the iter-
ates.

We then introduce an algorithm that iterates
toward the optimal policy. Interestingly, the
proof relies on a dynamical system argument,
more precisely, a refined version of the Cauchy-
Lipschitz Theorem. The algorithm allows us to
compare through Monte-Carlo simulations the
optimal bidding policy and the greedy policy,
which corresponds to the economic cost of not
accounting for future opportunities in the bid-
ding policy design. We then take a look at shad-
ing policies because they constitute a natural
class of simple approximations to look at. While
we show that shading policies cannot be solu-
tions to the optimal control problem, we also
observe that in the numerical experiments, they
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perform very well. We also derive a closed form
expression of the buyer payoff in a specific case.
In what follows, we use the masculine pronoun
he to refer to the buyer, and the feminine pro-
noun she for the seller. Proofs are postponed to the supplementary material.

2. Model and bidding problem

This section introduces a simple environment where the value of an item depends
on the time since the last won auction, that we simply refer to as the system age
thereafter. The section ends with Lemma 1 that characterizes the value function
with a differential equation. An auctioneer receives items that she needs to sell
immediately to a set of buyers, and we take the perspective of one of those bidders
facing a stationary competition. The items arrivals follow a Poisson process of
intensity µ. We denote by τ the age, which is the time that has elapsed since the
last won auction. We assume that the value of an item for the bidder depends
solely on the age τ , and note this value k(τ). We also suppose that k is a non-
decreasing and bounded function. Fig. 1 shows an example of how the value of
buying a new item may evolve over a timeline. We suppose the auctions to be
second price, with an iid competition with a known CDF, q. This competition
may include a reserve price set by the seller. In particular, the story includes the
posted price scenario. Thus, q(b) is the probability that the buyer wins with a
bid equal to b. Finally, we assume that the sequence ends at a random time Tγ ,
where Tγ follows an exponential distribution of parameter γ, or equivalently we
say that the buyer has a discount rate γ. The bidder’s goal is to maximize, in
expectation, the sum of the values of the auctions he wins, minus the cost he pays,
before the end of the sequence. Here, we note that this environment may be viewed
as a continuous Markov process, where the state is fully summarized by the age τ .
We denote by p(b) the average payment of the user when bidding b. Because the

auction is second price, we have the relation p(b) = q(b)b −
∫ b

0
q(t)dt. We denote

by U(v, b)
def
= q(b) · v − p(b) the expected utility when bidding b and valuing v for

winning.
Because the state depends solely on the age τ , the bidder’s policy can be fully

described by a measurable function τ −→ b(τ) ∈ R+ specifying the bid when the
age is τ . We note B the set of these bidding functions. Then, for a bidding function
b ∈ B, we note Vb,γ,µ(τ) the expectation of the bidder’s future revenue when the
state is τ , or Vb(τ) for simplicity, when the context is clear. Let T1, T2 . . . Tn . . .,
the time of the next auctions, C1...Cn... the competition at these times, and τ the

current age, then Vb(τ)
def
= E

∑∞
i=1 e

−γTi (k(τ(Ti))− Ci)1{b(τ(Ti)) > Ci}. We are
ready to state Lemma 1.

Lemma 1. For b ∈ B, Vb satisfies the differential equation

V ′
b (τ) = −µ · U

(
k(τ) + Vb(0)− Vb(τ), b(τ)

)
+ γVb(τ).

The proof of Lemma 1 relies on the dynamic programming principle applied to Vb.

3. Optimal bid

This section contains most of the theoretical results. We define the optimal value
function (or Bellman value), V ⋆(τ), as the sup, on all possible bidding policies, of

Vb(τ), namely V ⋆(τ)
def
= supb∈B Vb(τ). It is practical to introduce the notation π(v)

for the expected profit of a bidder of value and bid v in a one shot auction, namely
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π(v)
def
= U(v, v) = q(v)v − p(v). This corresponds to the expected profit of the

incentive compatible bid in the one shot auction. Lemma 2 provides a dynamic
programming characterization of the Bellman value, and provides a relation be-
tween the Bellman value and the bid. The Bellman value is then proved to be the
solution of a parametrized differential equation of unknown parameter (Lemma 3).
Theorem 1 ensures that when k is concave, the policy is monotone increasing.
Theorem 1 can be thought of as a well posedness sufficient condition: primitives
for which the optimal bid would not be monotone could arguably be considered
pathological from an econometric standpoint. For Section 3.3, that presents the
algorithm for computing an optimal policy, we suppose that q is continuous, and
thus π is C1. 1

3.1. Differential Equation. From the proof of Lemma 1, we get the following
characterizations of V ⋆ and the optimal bid b⋆

Lemma 2. We have the relation V ⋆
t =

∫ +∞
0

µe−(µ+γ)t
(
π(kt + V ⋆

0 − V ⋆
t ) + V ⋆

t

)
dt.

Moreover, there exists an optimal bid b⋆, and it satisfies the relation

b⋆(τ) = max (0; k(τ) + V ⋆(0)− V ⋆(τ)) .

This differential equation is complicated to solve directly because its initial value
V ⋆
0 also appears as a parameter of the dynamic. To clarify this point, we define

Φ : R×R+×R+ → R such that Φ(t, v, λ) = γv−µπ(kt+λ−v). We then reformulate
lemma 2 as a more usual Cauchy problem:

Lemma 3. The value function V ⋆ is the solution of the ordinary differential equa-
tion {

Ẏt = Φ(t, Yt, y0)
Y0 = y0

(Fy0
)

for some y0 ∈ R+.

It should be noted that in Lemma 3, the parameter y0 is not given.

3.2. Differential equation for b. In this section, we provide a parametrization of
the differential equation so that the b⋆ appears as solution. Such parametrization
requires additional assumptions on k. The optimal bid also follows a differential
equation:

Lemma 4. If k is C1, then, on every open on which b⋆(t) > 0, the optimal bid b⋆

satisfies the differential equation ḃt = k̇t − γ(V ⋆
0 + kt) + µπ(bt) + γbt.

Since k is increasing with τ , it may seem natural to expect that the optimal bid
would also increase with τ . The following result confirms this intuition under the
additional assumption that k is concave.

Theorem 1. If k is concave, then b⋆ is increasing with τ , and strictly increasing
on any interval where k strictly increases.

1Indeed, by definition, π(v) = q(v)v − p(v) =
∫ v
0 q(t)dt
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We insist that this is not true without the concavity hypothesis: Fig. 5 proposes a
counter example where k is increasing but not concave.

3.3. Algorithm. Lemma 3 does not allow us to derive V ⋆ from a Cauchy problem
because the initial condition is also a parameter of the dynamics. Still, by the
Cauchy-Lipschitz Theorem, the solution of the ordinary differential equation{

Ẏt = Φ(t, Yt, λ)
Y0 = v0

(Fy0,λ)

admits a unique maximal solution Zy0,λ : t → Zy0,λ(t) for any y0 > 0 and λ > 0.
We also observe that the problem Fy0,y0 is the same at the problem of equation

Fy0 , and we define Zv(t)
def
= Zv,v(t) for all t ≥ 0. In the following, we assume that q

is continuous, and thus π is C1. This allows to apply the differentiable dependency
Theorem, which is the key to our approach. Lemma 5 is the most technical result
of the paper, and is leveraged in the proof of Theorem 2.

Lemma 5. Suppose q is continuous. The value V ⋆
0 is the unique v for which

limt→+∞ Zv(t)) is finite.

We then use Lemma 5 to prove that a simple dichotomy on the parameter allows
us to solve the bidding problem for repeated auctions with dynamic value.

Theorem 2 (Algorithm). Suppose q is continuous. Let y(n) the iterations of Al-
gorithm 1, then ||V ⋆

0 − y(n)(0)|| = O(1/2n).

Algorithm 1 Computing V0

Require: (a, b,N)
1: for n ≤ N do
2: c← (a+ b)/2
3: Compute Zc,c, solution of Fc

4: y(n) ← Zc,c

5: if t→ y(n)(t) then
6: a← c
7: else
8: b← c
9: end if

10: end for

3.4. Numerical estimation of the cost of impatience. Algorithm 1 is im-
plemented in Python 3. We use solve ivp, an ODE solver from Scipy [27] to
numerically solve the ODE. We rely on the default Runge-Kutta method [15, 22].
To test the different bidding policies, we use Lemma 8 in the Appendix to say that,
for γ → 0, we can compute the time average performance over a long enough pe-
riod. For the experiments, reported in Table 1, we used γ = 0.01 to construct the
optimal policy. We ran simulation on this optimal policy and on the greedy policy.
We tested several values for µ, with k(τ) = 1− e−τ and k(τ) = 1− 1/(1 + τ).



REPEATED BIDDING WITH DYNAMIC VALUE 7

µ 0.1 1 5 10 100

optimal 0.045 0.22 0.43 0.52 0.72
greedy 0.043 0.20 0.34 0.38 0.46

µ 0.1 1 5 10 50

optimal 0.035 0.16 0.32 0.40 0.69
greedy 0.035 0.14 0.26 0.31 0.44

Table 1. Estimated value per time unit with the greedy bidder
and with the optimal bidder, for different values of µ, and γ close
to 0 with k(t) = 1− e−t(left) and k(t) = 1− 1/(1 + t) (right)

4. Shading strategy

A shading strategy consists in bidding a constant factor α (smaller than 1) of the
value, i.e. b(τ) = αk(τ). This class of strategy is of great practical and theoretical
interest because it is simple to implement and to analyze. It also satisfies some
theoretical properties. For instance, as mentioned in the introduction, shading is
used as a way to implement budget or ROI constraints. We use in this section
the shorthand notation Vα = Vαk,γ,µ. We found it notable that on the settings
we tested, the class of shading strategies performs very well. It can be proven
however that it is not optimal in general. Indeed, by Lemma 4, the optimal bidding
policy satisfies ḃt = k̇t − γ(V ⋆

0 + kt) + µπ(bt) + γbt, which implies that a shading

policy bt = αkt that would outperform all other strategies should satisfy αk̇t =
k̇t − γ(V ⋆

0 + kt) + µπ(αkt) + γαkt, which in general does not hold.

4.1. Special case. We mention that there is an instance of the problem where
the time average payoff of a shading strategy can be computed explicitly. We use
Theorem 3 to build a visualization of the average expected payoff, that we display
in Fig. 3. We check that shading strategies outperform truthfulness in the presence
of a value dynamic. We also check that the greater the arrival rate µ, the stronger
the shading should be (the α multiplier close to zero).

Theorem 3. If the competition is a uniform distribution on [0, 1], if kt = 1 −
1/(1 + t) then for all α satisfying µα > 1

lim
γ→0

γV α
0 = (1− 1/2α)(µα)2

Γ(µα− 1, µα)

Γ(µα+ 1, µα)
,

where Γ( , ) is the upper incomplete gamma function.2

Figure
3. Illustration
of Theorem 3

4.2. Numerical comparison. Figure 4 dis-
plays the proportion Vα/V ⋆ of the optimal value
retrieved by bidding αk, for several values of
α and µ, and two distinct concave functions k
(and with γ was close to 0). We note that on
all these settings, the best value of α gives re-
sults very close to the optimal value. (it was
higher than 99%) Another observation is that
for smaller values of µ, the greedy bidder (i.e.
α = 1) performs near optimally. This observa-
tion is easily explained: a small µ means that
there are few auctions per time unit; it is thus
likely that the first auction only arrives a long
time after 0 , when the function k(t) is already
close to its sup. This is thus not so different
from the case when k is constant, for which the greedy bidder is optimal. On the

2defined as Γ(s, x) =
∫∞
x ts−1e−tdt



8 BENJAMIN HEYMANN, ALEXANDRE GILOTTE, RÉMI CHAN-RENOUS
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Figure 4. Ratio Vα/V ⋆ as a function of α with kτ = 1 − e−t and
µ = 5 (left) and with k(t) = 1− 1/1+t
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Figure 5. (left) k and optimal bid as a function of τ , for differ-
ent values of µ (right). Optimal bids and Vα with the two steps
function k(t) = min(5t, 0.2) + max(0,min(0.8, 10t− 9.2)

other hand, for larger values of µ, the greedy bidder performs poorly; and the best
shading factor decreases with the density of auctions µ.
Example with k(τ) non concave. We have seen in Lemma 2 that b⋆ is an increasing
function when k is concave. We propose here an example where k is not concave
to observe what can happen in this case. The function k we used is depicted in
Fig. 5. It is a simple piece-wise linear function, making two steps. The optimal bids
as a function of τ are plotted for different values of µ: we can observe that they
are not monotonous. The intuition for this behavior is simple: since the function
k increases quickly near 0, it is worth winning early because this generates a high
value per time unit. Thereafter, the function stops increasing until the second step,
where it increases very sharply again. Just before the increase, it is better not to
bid at all : the bidder should indeed avoid resetting the state to 0 just before this
strong increase. Fig. 5 shows the value obtained when submitting a shaded bid
k(t) × α , with the same two steps k function. We note that the best Vα here is
quite sensibly smaller than V ⋆. We also note that for large values of µ, Vα is not
a concave function of α and may have several local maxima. This example also
contradicts another assumption which could seem intuitive: b⋆ is not an increasing
function of k. Indeed, if we removed the second step on the k function above, then
we would get a concave function, and the optimal bid would be positive for all
t > 0.

4.3. Asymptotic convergence. Theorem 4 provides a complementary perspec-
tive on why shading policies might work well. Basically, as µ goes to +∞, the best
shading policy performs closer and closer to the optimal policy.
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Theorem 4. Set p(b) = E(C|C ≤ b), where C is the price to beat. Suppose k
concave and such that k ∈ C1 and k0 = 0. Suppose q ∈ C1, and q̇(0) > 0, then

sup
b∈B

lim
µ→+∞

lim
γ→0

Vb,γ,µ(0)− Vk,γ,µ(0)

Vb,γ,µ(0)
= ṗ(0) = lim

t→0

q̇(t)
∫ t

0
q(s)ds

q(t)2
,

Moreover,

sup
b∈B

lim
µ→+∞

lim
γ→0

Vb,γ,µ(0) = sup
α∈[0,1]

lim
µ→+∞

lim
γ→0

.Vα·k,γ,µ(0)

5. Conclusion

Auction systems with dynamic values are everywhere. This work is a first step
toward better understanding them. Further research could include studying what
happens when the bidder does not know the dynamics in advance, and needs to
learn, as well as extending the results to more general auctions and more general
value dynamics.
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Appendix
–

Proof of Section 2

Expected value when an auction starts in state τ . Let Wb(τ) be the expected rev-
enue of the bidder when an auction is received in state τ . Then Wb(τ) can be
written by taking the expectation on the outcome of the immediate auction. On
average, the bidder pays the second price p(b(τ)). We then consider two possible
outcomes. Either the auction is lost: then the bidder pays 0, stays in state τ , and
its expected future reward is V (τ). Or he wins the auction: the bidder then receives
a reward k(τ) and the state is reset to 0, which means that the bidder’s expected
reward after the auction is Vb(0). Wrapping all this together, we get

Wb(τ) = q(b(τ)) ·
(
k(τ) + Vb(0))

)
− p(b(τ)) + (1− q(b(τ))) · Vb(τ)

= Vb(τ) + q(b(τ)) ·
(
k(τ) + Vb(0)− Vb(τ)

)
− p(b(τ))

= Vb(τ) + U
(
k(τ) + Vb(0)− Vb(τ), b(τ)

)
.(1)

Bellman equation. We note T the waiting time until the next auction. For our sta-
tionary Poisson process, T always follows an exponential distribution, of parameter
µ. We can write the evolution of the system as an expectation on T :

Vb(τ) = ET

(
e−γT ·Wb(τ + T )

)
=

∫ +∞

0

e−(γ+µ)t · µ ·Wb(τ + t)dt.(2)

Lemma 1.

Proof. This is obtained directly by writing the evolution of V from τ to τ + δ.
Similarly to (2), let T the time of the next auction, and δ a positive time. We
split the expectation of V in two parts, when T is either less than δ or larger than

δ. We have Vb(τ) =
∫ δ

0
e−(γ+µ)t · µ ·Wb(τ + t)dt + e−(γ+µ)δ · Vb(τ + δ). From this

we deduce that for all τ, δ > 0 Vb(τ+δ)−Vb(τ)
δ = − 1

δ

∫ δ

0
e−(γ+µ).t · µ ·Wb(τ + t)dt +

1−e−(γ+µ)δ

δ Vb(τ + δ). The right-hand side is bounded, from which we first conclude
that Vb is continuous (and thus W is continuous too); we may now take the limit
when δ → 0 of the right-hand size, which is −µ ·Wb(τ)+(γ+µ) ·Vb(τ). This proves
both the derivability and the formula. □

Proof of Section 3

Lemma 2.

Proof. If a bidding function achieves the sup in the definition of V ⋆, then, since
the auction is second price, we can increase the expected return at any point τ
by bidding the true value k(τ) + V ⋆(0) − V ⋆(τ). This implies that if there is an
optimal bidding function, it can only be b⋆ as defined above. The existence of an
optimal bidding function is a consequence of the classical result that the Bellman
operator is a contraction: For any value function τ → V (τ), we define the bidding
policy B(V ) := τ → max (0; k(τ) + V (0)− V (τ)). Because the auction is second
price, bidding with B(V ) is the optimal action in any state τ if the value we get
after this auction if defined by V . From this, we deduce that for any b, VB(Vb) ≥ Vb,
by recurrence on the number of steps where we use B(Vb) instead of b. We also
note that the operator V → VB(V ) is a contraction for the norm ∞ (eg: [7]),
from which we deduce that any sequence defined by Vi+1 = B(Vi) will converge
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to the same value. Since this sequence is also increasing, it must converge to V ⋆,
and the associated bids converges to b⋆ := B(V ⋆). We plug b⋆ in Lemma (1) to

get V ⋆
t =

∫ +∞
0

µe−(µ+γ)t
(
U(b⋆t , kt + V ⋆

0 − V ⋆
t ) + V ⋆

t

)
dt. This is maximized for

b⋆t = kt + V ⋆
0 − V ⋆

t , in which case, U(b⋆t , kt + V ⋆
0 − V ⋆

t ) = π(kt + V ⋆
0 − V ⋆

t ) □

Lemma 4.

Proof. From Lemma 2, b⋆t = kt+V ⋆
0 −V ⋆

t , hence since by Lemma 1, V ⋆ is differen-

tiable, ḃ⋆t = k̇t−V̇ ⋆
t . Replacing in the latter expression V̇ ⋆

t by γV ⋆
t −µπ(kt+V ⋆

0 −V ⋆
t )

from Lemma 3, we get ḃ⋆t = k̇t−γV ⋆
t +µπ(kt+V ⋆

0 −V ⋆
t ) = k̇t−γ(kt+V ⋆

0 −b⋆t )+µπ(b⋆t ).

Hence ḃt = k̇t − γ(V ⋆
0 + kt) + µπ(bt) + γbt. □

Theorem 1.

Proof. When k is smooth, the proof follows from the fact that ḃ⋆(t) is the sum of

k̇t − γ(V ⋆
0 + kt), which is (strictly) decreasing with t under the hypotheses, and

µπ(b⋆) + γb⋆ which varies in the same direction as b⋆. We treat the case when k is
strictly increasing, (the case k increasing is similar), and we proceed ad absurdum.
Suppose that b⋆ is non-increasing on an interval ]t1, t2[. Then b′ must be strictly
decreasing on this interval, and thus b′(t2) < 0. This ensures that the interval
can be extended, and thus b⋆ would be decreasing up to +∞, at a rate at least
b′(t2) < 0. This implies that the solution of the differential equation 2 would go
to −∞. We remind here that this differential equation 2 is no longer valid when
b⋆ takes negative values (the bid cannot become negative). But this still means
that the bid would become 0 at some point t0, and the same argument proves it
cannot become positive again after that: the bid would thus be 0 on ]t0; +∞[. But
bidding 0 on ]t0,+∞[ would generate a return of 0; which clearly is not optimal.
We conclude that b⋆ must be strictly increasing. For non-smooth k, the concavity
still implies that k must be C1 with k′ decreasing on a dense subset of R+ . The
result still holds by slightly adapting the previous proof, noting that b′ is defined
on the same set as k′, and is equal to k′ plus a continuous function. This implies
that if b′ decreasing and negative just before t2, it must still be negative just after
t2. □

Lemma 3 does not allow us to derive V ⋆ from a Cauchy problem because the
initial condition is also a parameter of the dynamics. Still, by the Cauchy-Lipschitz
Theorem, the solution of the ordinary differential equation{

Ẏt = Φ(t, Yt, λ)
Y0 = v0

(Fy0,λ)

admits a unique maximal solution Zy0,λ : t → Zy0,λ(t) for any y0 > 0 and λ > 0.
We also observe that the problem Fy0,y0

is the same at the problem of equation
Fy0 , and we define Zv(t) := Zv,v(t) for all t ≥ 0.

Lemma 6 (Taylor extension). Set ut = ut(v) = kt + v − Zv(t), then

∂Zv(t)

∂v
= eγt+µ

∫ t
0
q(us(v))ds

(
1− µ

∫ t

0

e−γs−µ
∫ s
0
q(ul(v))dlq(us(v))ds

)
Proof. By the differentiable dependency Theorem [21], for any t > 0, (y0, λ) →
Zy0,λ(t) is differentiable, and its differential maps a perturbation (∆v,∆λ) to

∆Z∆v,∆λ
y0,λ

, which is the solution of{
∆̇Z

∆v,∆λ

y0,λ (t) = DyΦ(t, Z
y0,λ(t), λ).∆Z∆v,∆λ

y0,λ
(t) +DλΦ(t, Z

y0,λ(t), λ).∆λ

∆Z∆v,∆λ
y0,λ

(0) = ∆v.
(3)
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By definition Zv(t) = Z .,.(t) ◦m(v) where m(v) = (v, v), so that by derivation of a
composition,

Dv(Z
v(t))[∆v] = Dm(v)Z

.,.(t).Dvm[∆v] = Dm(v)Z
.,.(t).(∆v,∆v) = ∆Z∆v,∆v

v,v (t)

therefore, using (3),

˙DvZ
v
(t)[∆v] = ∆̇Z

∆v,∆v

v,v (t) = DyΦ(t, Z
v,v(t), v).∆Z∆v,∆v

v,v (t) +DλΦ(t, Z
v,v(t), v).∆v.

(4)

We now compute the two partial derivatives. First since Φ(t, y, λ) = γy − µπ(kt +
λ − y), DyΦ(t, y, λ) = γ + µπ̇(kt + λ − y). Now since π(v) = q(v)v − p(v) =∫ v

0
q(t)dt we have π̇(v) = q(v), therefore DyΦ(t, y, λ) = γ+µq(kt+λ−y) Similarly,

DλΦ(t, y, λ) = −µπ̇(kt + λ− y) = −µq(kt + λ− y). Therefore, combining with (4)

˙DvZ
v
(t)[∆v] = DyΦ(t, Z

v,v(t), v).∆Z∆v,∆v
v,v (t) +DλΦ(t, Z

v,v(t), v).∆v

= (γ + µq(kt + v − Zv,v(t))).∆Z∆v,∆v
v,v (t)− µq(kt + v − Zv,v(t))∆v

= (γ + µq(kt + v − Zv(t))).Dv(Z
v(t))[∆v]− µq(kt + v − Zv(t))∆v

We observe that the equation on DvZ
v(t)[∆v] is of the shape Ẋt = atXt + bt with

X0 = ∆v. The solution of such ODE is Xt = e
∫ t
0
asds(∆v +

∫ t

0
e−

∫ s
0
audubsds).

Therefore,

DvZ
v(t)[∆v] =

e
∫ t
0
(γ+µq(ks+v−ws(v)))ds

(
∆v −

∫ t

0

e−
( ∫ s

0
(γ+µq(kl+v−wl(v)))dl

)
µq(ks + v − ws(v))∆vds

)
=

(
eγt+µ

∫ t
0
q(us(v))ds

(
1− µ

∫ t

0

e−γs−µ
∫ s
0
q(ul(v))dlq(us(v))ds

))
∆v

Hence DvZ
v(t) = eγt+µ

∫ t
0
q(us(v))ds

(
1− µ

∫ t

0
e−γs−µ

∫ s
0
q(ul(v))dlq(us(v))ds

)
. □

Lemma 7 (Bound on the derivative). For all t ≥ 0, ∂Zv(t)
∂v ≥ eγt.

Proof. By Lemma 6,

∂Zv(t)

∂v
= eγt+µ

∫ t
0
q(us(v))ds

(
1− µ

∫ t

0

e−γs−µ
∫ s
0
q(ul(v))dlq(us(v))ds

)
≥ eγt+µ

∫ t
0
q(us(v))ds

(
1−

∫ t

0

e−µ
∫ s
0
q(ul(v))dlµq(us(v))ds

)
= eγt+µ

∫ t
0
q(us(v))ds

(
1 + [e−µ

∫ s
0
q(ul(v))dl]t0

)
= eγt+µ

∫ t
0
q(us(v))ds

(
e−µ

∫ t
0
q(ul(v))dl

)
= eγt.

□

Corollary 1 (Uniqueness of the stable solution). There can be at most one y0 ∈ R
such that limt→+∞ Zy0(t) is finite.

Proof. We deduce from Lemma 7, that for any t, and any v1 < v2, Zv2(t) >
Zv1(t) + (v2 − v1)e

γt. Now, if Zv1(t) converges to a finite value, then Zv2(t) goes
to +∞. This guarantees that limt→+∞ Zv(t) is finite for at most one v. □

Lemma 5.

Proof. The value function satisfies FV0
, and is bounded and positive. By Corol-

lary 1, it is the only bounded solution. □
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Theorem 2.

Proof. By corollary 1, the condition “t→ y(n)(t) is diverging to +∞” is equivalent
to y(n)(0) > V ⋆

0 . Hence, if V ⋆
0 is in [a, b] at step (n), it will also be in [a, b] at step

(n+ 1). □

Proof of Section 4

Let Tw the random variable“age at the time of the next won auction”. We set

A(t) =
∫ t

0
γ + µq(b(s))ds. We also define the random variable Nb as the number of

won auctions until the end of the sequence Tγ . We may now state how to compute
Vb and its initial value:

Lemma 8. The solution Vb is given by:

Vb(τ) = eA(τ)

(
Vb(0)−

∫ τ

0

e−A(t) · µ · U(Vb(0) + k(t), b(t))dt

)
(5)

Vb(0) = E(Nb)× E (U(k(Tw), b(Tw))|Tw < Tγ) .(6)

Proof. Equation (5) is the integral solution of the linear differential equation of
Lemma 1. Equation (6) states that V (0) is precisely the expected number of won
auctions multiplied by the average return on those won auctions, which seem intu-
itively obvious. We may prove it more formally as follows, by first rewriting (5) as
:

e−A(τ)·Vb(τ) = Vb(0)·
(
1−

∫ τ

0

e−A(t) · µ · q(b(t))dt
)
−
∫ τ

0

e−A(t)·µ·U (k(t), b(t)) dt
)

Since we know that Vb(τ) is bounded, and A(τ) > γ.τ
τ→∞−−−−→ +∞, the left-hand

side goes to 0 when τ → +∞ Thus

Vb(0) =

∫∞
0

e−A(t) · µ · U (k(t), b(t)) dt

1−
∫∞
0

e−A(t) · µ · q(b(t))dt

=

∫∞
0

e−A(t) · µ · U (k(t), b(t)) dt

Pr(Tw < Tγ)
× Pr(Tw < Tγ)

1− Pr(Tw < Tγ)
.

Here we used the formula
∫∞
0

e−A(t) · µ · q(b(t))dt = Pr(Tw < Tγ). We conclude by
identifying the two factors on the right side of equation (7) as some expectations:

E (U(k(Tw), b(Tw))|Tw < Tγ) =

∫∞
0

e−A(t) · µ · U (k(t), b(t)) dt

Pr(Tw < Tγ)

is the average return per won auction, and E(Nb) =
Pr(Tw<Tγ)

1−Pr(Tw<Tγ)
is the expected

number of won auctions. (We note that it follows a geometric law of parameter
Pr(Tw < Tγ), hence the formula.) □

Limit when γ goes to 0. Since the process ends after a time Tγ following an expo-
nential law, the expected lifetime is 1/γ. Intuitively, increasing the length of the
sequence should increase linearly the expected return, as with the same bidding
strategy we will increase the number of won items without changing their average
price or value. The following lemma confirms this intuition for long sequences, by
proving that the average return per time unit, γ · Vb,γ(0) is converging:

Lemma 9.

lim
γ→0

γVb,γ(0) = µ

∫ +∞
0

e−µ
∫ t
0
q(bs)dsU(kt, bt)dt∫ +∞

0
e−µ

∫ t
0
q(bs)dsdt

(7)

Proof. We have Pr(Tw < Tγ) =
∫ +∞
0

e−γte−
∫ t
0
q(bs)dsµq(bt))dt = 1−γ

∫ +∞
0

e−µ
∫ t
0
q(bs)ds−γtdt

by integration by parts. We then take the limit in Equation (7). □



REPEATED BIDDING WITH DYNAMIC VALUE 15

Theorem 3.

Proof. From Lemma 9, we have:

lim
γ→0

γV α
0 = (1− 1/2α)

∫∞
0

αµk2t e
−(µα

∫ t
0
ksds)dt∫∞

0
e−(µα

∫ t
0
ksds)dt

.

Since kt = 1− 1
1+t , we have

∫ t

0
ksds = t−ln(1+t) and e−(µα

∫ t
0
ksds) = e−αµt(1+t)αµ.

For m ≥ 0, we have∫ +∞

0

(1 + t)−me−αµt(1 + t)αµ

=

∫ +∞

0

e−αµt(1 + t)αµ−mdt

=

∫ +∞

1

e−αµ(x−1)xαµ−mdx

= eαµ
∫ +∞

1

e−αµxxαµ−mdx

we set θ = (αµ)−1, k = (αµ−m+ 1),α̃ = αµ

= eα̃
∫ +∞

1

xk−1e−
x
θ dx

= eα̃θk
∫ +∞

1/θ

tk−1e−tdt

= eα̃θkΓ(k, 1/θ) = eα̃α̃m−1−α̃Γ(α̃−m+ 1, 1/θ).

Therefore

(1− 1/2α)

∫∞
0

αµk2t e
−(µα

∫ t
0
ksds)dt∫∞

0
e−(µα

∫ t
0
ksds)dt

= αµ(1− 1/2α)
α̃−1−α̃Γ(α̃+ 1, 1/θ) + α̃1−α̃Γ(α̃− 1, 1/θ)− 2α̃−α̃Γ(α̃, 1/θ)

α̃−1−α̃Γ(α̃+ 1, 1/θ)

= (1− 1/2α)
α̃Γ(α̃+ 1, 1/θ) + α̃3Γ(α̃− 1, 1/θ)− 2α̃2Γ(α̃, 1/θ)

Γ(α̃+ 1, 1/θ)

= (1− 1/2α)
α̃(Γ(α̃+ 1, 1/θ)− α̃Γ(α̃, 1/θ))− α̃2(Γ(α̃, 1/θ)− α̃Γ(α̃− 1, 1/θ))

Γ(α̃+ 1, 1/θ)

Now, we use the property Γ(s+ 1, 1/θ) = sΓ(s, 1/θ) + θ−se−1/θ to get

(1− 1/2α)
α̃(Γ(α̃+ 1, 1/θ)− α̃Γ(α̃, 1/θ))− α̃2(Γ(α̃, 1/θ)− (α̃− 1)Γ(α̃− 1, 1/θ)) + α̃2Γ(α̃− 1, 1/θ))

Γ(α̃+ 1, 1/θ)

= (1− 1/2α)
α̃(θ−α̃e−1/θ)− α̃2(θ−(α̃−1)e−1/θ) + α̃2Γ(α̃− 1, 1/θ))

Γ(α̃+ 1, α̃)

= (1− 1/2α)
α̃(α̃α̃e−α̃)− α̃2(α̃α̃−1e−α̃) + α̃2Γ(α̃− 1, α̃)

Γ(α̃+ 1, α̃)

= (1− 1/2α)α̃2Γ(α̃− 1, α̃)

Γ(α̃+ 1, α̃)
.

□
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Theorem 4.

Proof. Let a smooth bid policy b satisfying bt ≤ kt. We have U(kt, bt) = q(bt)(kt −
p(bt)). Set Qt =

∫ t

0
q(bs)ds. Then by integration by part, and because 0 = k0 = b0

by assumption, ∫ +∞

0

µe−µ
∫ t
0
q(bs)dsU(kt, bt)dt

=

∫ +∞

0

µe−µQtq(bt)(kt − p(bt))dt

=

∫ +∞

0

e−µQt(k̇t − ḃtṗ(bt))dt.

Now observing that

lim
µ→+∞

∫ +∞
0

e−µQt(k̇t − ḃtṗ(bt))dt∫ +∞
0

e−µQtdt
= k̇0 − ḃ0ṗ(b0) = k̇0 − ḃ0ṗ(0),

and combining with Lemma 9, we get

lim
µ→+∞

lim
γ→0

γVb,γ,µ(0) = k̇0 − ḃ0ṗ(0)

We see that only the derivative of b at 0 matters here, so we can without loss of
generality suppose that bt = αkt for some α ≤ 1. We end up with k̇0(1 − αṗ(0)).
Since ṗ(0) > 0, this quantity is minimized for α = 1 and maximized for α = 0,
otherwise said, the left-hand side of the Theorem is equal to ṗ(0). Then we observe

that p =
∫ t
0
sd(q(s))

q(s) . The remaining follows after integration by part and taking the

limit at 0. □
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