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Abstract

This study concerns the computation of the Nash equilibria of first-price auctions with correlated
values. Although some equilibrium computation methods exist for auctions with independent val-
ues, the correlation of bidders’ values introduces significant complications that render the existing
methods unsatisfactory. Our empirical contribution is a step towards filling this gap. We report
surprisingly good numerical convergence of Fictitious Play toward an e-equilibrium for an exten-
sive set of instances. By doing so, we extend the insights of [39] to the correlated setting. These
preliminary results call for further investigations into the properties of fictitious play algorithms on
first-price auctions.

1. Introduction

In single-item sealed bid first-price auctions (sometimes referred to as pay-as-bid), several poten-
tial buyers bid simultaneously for an item. The highest bidder then obtains the item and pays the
corresponding bid to the seller. A common approach to auctions is to frame them as games. More
precisely, because buyers’ values are not necessarily known to other participants, it is usually as-
sumed that each of these values is a random variable sampled from a probability distribution. In
this narrative, each buyer is assumed to have formed their individual value — a private signal —
before submitting their bid, so that the resulting strategic interactions can be recast in the form of
a Bayesian game. A sizable part of the auction-theoretic literature makes an additional structural
assumption that agents’ values are independently distributed (an assumption we do not make).

Given the probability distributions of buyers’ values, an important research question is to deter-
mine the outcome of the auction. While several solution concepts exist in the game-theoretic litera-
ture, the notion of (Bayes-)Nash equilibrium ! is of primary theoretical and practical importance for
the study of auctions, and equilibrium numerical estimation has been a vigorously researched ques-
tion for quite some time, with several breakthroughs along the way. However, a major challenge
that arises in practice is that (a) the above methods invariably rely on a first-order characterization
of the solution and (b) they require the bidders’ values to be independently distributed, which is a
very stringent limitation for real-life applications of auction theory (e.g., in online ad auctions).

In parallel, Fictitious Play (FP) was first discussed in [5]. It has attracted considerable attention
because (a) it is a simple procedure that has been used to justify the Nash equilibrium play [4], and
(b) despite being slow, it has been used in Al to approximate Nash equilibrium [12, 39].

1. since the context is clear, we will use the term Nash equilibrium, or just equilibrium in this article
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Contributions

In this work, we broaden the empirical results from [39] to accommodate auctions with correlated
values, employing several technical adaptations (see Section 5). In all the examples we tested, the
method approximated the equilibrium surprisingly well. Notably, the FP could be the first approach
in the literature that remains agnostic to any correlations or dependencies between bidders’ value
distributions.

2. Numerical solutions for auctions

The literature on auctions is immense [26, 43] and is impossible to survey in a short paper. There-
fore, we discuss below only the most relevant works we are aware of concerning the numerical
computation of Nash equilibria in first-price auctions.

In his seminal paper [46], Vickrey derived a characterization of equilibria when bidders’ values
are independent and otherwise identical. Later, Plum [38] showed how to compute the equilibrium
of 2-bidder auctions for some special cases when the price is a combination of the first and second
prices. The first general numerical method for computing the equilibrium of a first-price auction
with independent values appears in [28]. Theoretical analyses of the equilibrium structure are pro-
vided in particular in [27, 29, 41]. To study bidding rings, Bajari introduced several heuristics to
compute the equilibrium of first-price auctions [1]. Several other computation methods for first-
price auctions with independent values have been proposed since then [8, 9, 14, 22, 24], and more
recently, [47], which addresses the cases of discrete value distributions. These methods rely on a
first-order characterization of the players best replies to produce a system of ordinary differential
equations, which are then solved using various methods. One of the main difficulties lies in the
numerical instability of the solutions.

Research on first-price auctions received renewed impetus in 2019, when Google switched its
display advertising marketplace to first-price auctions [18, 37]. This led to a surge of interest in
new topics such as computational complexity [10], numerical approximation [40] or, more recently,
neural networks to compute auction equilibrium [3]. We also mention that there is an active track
of research that, in the wake of [36], aims to maximize the seller’s revenue [6, 7, 17].

3. Fictitious play

The work that is closest in spirit to our own is mostly empirical work [39], where the authors rely
on FP running on a discrete set of possible actions. That said, the setting of [39] still differs from
our own in that bidders are assumed therein to be symmetric in most of the paper, and their values
are further assumed to be continuously and independently distributed. In contrast, we consider both
correlations between bidders (a crucial extension to capture real-life market behaviors) and atoms
in the value distributions.

The original fictitious play process was pioneered concurrently by Brown [5] and Robinson
[42]. This is one of the most widely studied procedures for learning in games, and it involves each
player playing a best response to his/her beliefs about his/her opponents, given here by the empirical
frequency of past play. Robinson first established the convergence of these beliefs to equilibrium in
two-player zero-sum games [42]. Subsequently, the method has been shown to converge in 2 x 2
games [34], general N-player potential games [35], symmetric games with an interior evolutionar-
ily stable strategy [20], and certain classes of supermodular games [16, 25, 31, 32]. Variants of FP
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involving a certain degree of explicit exploration/randomness have also been considered in the lit-
erature: The most widely studied of these processes is that of stochastic — or perturbed — FP, which
was introduced by Fudenberg & Kreps [11] and shown by Hofbauer & Sandholm [21] to converge
to an approximate equilibrium — a quantal response equilibrium to be exact — in the same classes of
games as FP.2

At the same time, the literature on the convergence of (stochastic) FP should not be interpreted
as suggesting that these processes converge to equilibrium in a/l games. Notable examples include
Jordan’s three-player matching pennies variant [23], as well as the counterexamples by Shapley [45]
and Gaunersdorfer and Hofbauer [13]. Similarly, we should stress that we do not make any claims
of global convergence to equilibrium in all first-price auctions. However, the series of numerical
examples presented is sufficiently wide in scope and breadth to provide reasonable optimism for the
practical use of FP, and call for further theoretical investigations.

4. Auction model

An auction is a Bayesian game where the players are the auction participants. Each player places
a bid after seeing their random and private value. Then, the auction is cleared according to the
first-price auction rules.’. When the values and the bids belong to a finite set, it is practical to take
a perspective based on agents, by associating each pair (player, value) to an agent. Hence, we can
regard the auction as a tuple (A, P, v, u, B) such that A is a finite set of agents —one per (player,
value) pair—, P maps back each agent from A to the player it represents, v maps each agent from A
to a value, y is a probability distribution on 2* that encodes the common knowledge Bayesian prior,
and B is a grid of admissible bids. A policy v, for an agent a is then a probability distribution on
the set of bids B.

Let S, = {S € 2% | a € S} be the set of all possible combinations of agents that contains agent
a. For a first-price auction, the agent’s (expected) payoff writes

Ta(YarV—a) = Z Z Ta(ba, b—a) (S)V-a(b-a)Va(ba), ey

S€Sq beBA

where 7, (bg, b_,) is the payoff of agent a when their bid is b, and the other agents bids are concate-
nated in the vector b_q. In the absence of ties, this is 74 (ba; b—a) = (Va — ba) [[s7e\a{ba > ba'}-
A tie-breaking rule needs to be specified for the case of multiple highest bidders. It is typically the
lexicographic order or a random allocation among the highest bidders. It seems empirically that
giving a payoff of 0 to everybody in case of ties improves the convergence of FP. While this is a
choice that is hard to justify for an application, the impact on the game e-equilibrium® is arguably
small in many cases, so that this tie-breaking rule can be used to approximate the real game with
FP.

2. Stochastic FP is related — but not in any way equivalent — to the class of no-regret learning policies known as “follow
the regularized leader” [44]; for a detailed discussion, we refer the reader to [15, 30], and references therein.

3. In case of equality of the highest bids, a tie-breaking rule is needed.

4. An e-equilibrium in this setting is a strategy profile v* such that for all @ € A and all alternative strategy profile -,

77(1(7;7710‘) > ﬂ'a(’}/(u’yia) — €
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Figure 1: We consider a two-player setting where values are sampled independently and uniformly
from {0,1}. The blue curve corresponds to the theoretical solution when bids can be in [0, 1]
(continuous case). The tie-breaking rule we propose — no player receives the item when bids are
equal — results in a reasonable approximation of the equilibrium (left). In the middle, we tested
giving an item to each highest bidder, and on the right, to split the item in half.

5. Experiments

FP can be defined as follows for any stage k£ > 0

b((lk) € arg maxwa(éb,v(,kg)’ Va € A, 2)
beB
A = (1= + MOy, Va € A, 3)

where 1, > 0 is a sequence of learning rates, and (7Y),ca an initial strategy profile, and d is a
mass of 1 at b. We take 1, = 1/k+1 in most of the experiments. The algorithm and code for the
experiments were implemented in Julia [2] and can be found on this Github repository https:
//github.com/BenHey/FPA4FPA. Other experiments are reported in a earlier version of the
paper [19].

We recommend a tie-breaking rule, in which no player receives the item when bids are equal.
Figure 1 provides an ablation study illustrating this approach. We consider a two-player setting
where values are sampled independently and uniformly from {0, 1}. When bids are constrained to
[0, 1], the equilibrium bidding policy can be derived analytically: players with value zero should bid
0, while players with value 1 should randomize their bids according to the cumulative distribution
function F'(b) = min(1/(1 — b) — 1,1). We compare three tie-breaking rules. Only the one we
propose, on the left, results in a convergence close to the continuous, theoretical equilibrium.

We tested FP on a symmetric continuous environment, for which there exists a method to com-
pute a numerical solution [33]. The results are shown in Figure 2. Then, we tested FP on a batch
of 20 randomly generated discrete environments with correlated values. The results are shown in
Figure 3. For the two experiments, FP converges to e-equilibria with a small e. Finally, Figure 4
presents results on several auction instances, each characterized by a list of VALUES (one per agent)
and a list of SCENARIOS. Since we allow repetition of scenarios, their elements can be treated as
equiprobable without loss of generality. To visually assess convergence quality, we overlay each
agent’s (renormalized) policy density with their corresponding payoffs. At Nash equilibrium, an
agent’s payoff should be maximal on the support of their policy, making any deviations immedi-
ately apparent in these plots.
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Figure 2: We consider an auction with two bidders, whose correlated values are distributed in [0, 1].
The generative model first tosses a coin ¢ valued in { L, H }. Then, if ¢ = L, the values are uniformly
and independently sampled in [0, 2/3]. Otherwise, if ¢ = H, the values are sampled uniformly and
independently in [1/3,1]. We can approximate the theoretical solution using numerical integra-
tion [33]. We obtaine = 1.2 - 10™°
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Figure 3: Distribution of € for the 20 experiments on random environments.
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Figure 4: Visual diagnostic of Nash equilibrium convergence. For each agent and auction instance,
we superimpose the normalized policy density with the corresponding payoff function. The equilib-
rium condition—that payoffs are maximal on the policy support—can be verified visually. The four
rows correspond to different auction configurations: (Row 1) 4 agents with values [0.0, 1.0, 0.0, 1.0]
and scenarios [1, 3], [1,4], [2, 3], [2, 4]; (Row 2) 5 agents with values [0.2,0.3,0.4,0.5,0.7] and sce-
narios [1,4],[2,4],[3,4], [3, 5], [3, 5]; (Row 3) 4 agents with values [0.2,0.4,0.6,0.7] and scenarios
[1,3],[1,3],[1,4], [2,3],[2,4],[2,4]; (Row 4) 4 agents with values [0.2,0.6,0.5,0.7] and scenarios
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